The rheological response, in particular the non-linear response, to oscillatory shear is experimentally investigated in colloidal glasses. The glasses are highly concentrated binary hard-sphere mixtures with relatively large size disparities. For a size ratio of 0.2, a strong reduction of the normalized elastic moduli, the yield strain and stress and, for some samples, even melting of the glass to a fluid is observed upon addition of the second species. This is attributed to the more efficient packing, as indicated by the shift of random close packing to larger total volume fractions. This leads to an increase in free volume which favours cage deformations and hence a loosening of the cage. Cage deformations are also favoured by the structural heterogeneity introduced by the second species. For a limited parameter range, we furthermore found indications of two-step yielding, as has been reported previously for attractive glasses. In samples containing spheres with more comparable sizes, namely a size ratio of 0.38, the cage seems less distorted and structural heterogeneities on larger length scales seem to become important. The limited structural changes are reflected in only a small reduction of the moduli, yield strain and stress.
Introduction
Many particle dispersions used in applications, for example paint, ink, cement, ceramics or foodstuffs, are characterised by a size distribution of the dispersed phase. Even if a monodisperse system is desirable, it is often difficult to avoid a distribution of particle sizes. Furthermore, through the size distribution, the properties of a dispersion, such as its rheological behaviour, can be tuned, for instance to meet processing or application needs. To investigate the effect of a distribution of sizes, binary mixtures of spherical colloidal particles represent the simplest model system.
The interactions and the phase behaviour of binary colloidal hard-sphere mixtures have been studied by theory [1] [2] [3] [4] [5] and simulations. [4] [5] [6] In equilibrium, binary colloidal mixtures exhibit a wider fluid-solid coexistence region than one-component systems, which has been thoroughly investigated in experiments. [7] [8] [9] [10] Additionally, formation of complex crystalline structures through co-crystallisation of the two species is predicted and observed. [11] [12] [13] [14] For size ratios δ = R S /R L 0.2, where R S and R L are the radii of the small and large spheres, respectively, theory expects fluid-fluid and solid-solid coexistences, 4 which are also observed in simulations 15 but not yet in experiments. In addition, non-equilibrium glass states have been predicted theoretically [16] [17] [18] [19] and observed experimentally. 9, 20 In particular, Mode Coupling Theory (MCT) predicts that, at constant total volume fraction φ , a one-component a Condensed Matter Physics Laboratory, Heinrich-Heine University, Düsseldorf, Germany. E-mail: marco.laurati@uni-duesseldorf.de b FORTH/IESL and Department of Materials Science and Technology, University of Crete, 71110, Heraklion, Greece.
glass is melted upon addition of a sufficient amount of spheres with a different size (δ ≤ 0.65). 16, 17 This is consistent with the faster structural relaxation experimentally observed in samples with δ ≈ 0.6, φ ≈ 0.58 and intermediate mixing ratios. 20 This leads to a strong decrease of the viscosity, which has been determined in experiments and simulations for a sufficiently large degree of mixing. 21, 22 Recent MCT results 17 furthermore predict that for a large size disparity, δ ≤ 0.2, different glass states exist, which are distinguished by caging of one or both species, or by depletion induced bonding of the large spheres. The latter, for which some experimental evidence exists for δ ≈ 0.1, 9 is expected to show similarities with attractive glasses as those observed in colloid-polymer mixtures. 23, 24 Similar to the interactions and the phase behavior, also the rheological response of binary mixtures changes upon varying the size and mixing ratios. This has been studied experimentally, 21 ,25-31 theoretically [32] [33] [34] and by simulations. [35] [36] [37] In the granular limit, i.e. when Brownian motion becomes irrelevant, binary mixtures with a size ratio δ = 0.2 exhibit a minimum of the viscosity at a relative volume fraction of small spheres, x S ≈ 0.4, 38 which is known as Farris effect. In contrast, for colloidal mixtures a minimum of the viscosity is only observed at high total volume fractions φ ≥ 0.4 and at a mixing ratio which depends on φ and δ . 34 With decreasing δ , the minimum occurs at smaller fractions of small spheres, which results from a balance between the more efficient packing, since small spheres can fill the space between large spheres, and the depletion attraction induced between large spheres. 34 Nevertheless, the rheology of concentrated binary colloidal mixtures has hardly been studied, 21, 39 espe-cially of spheres with significantly different sizes, i.e. small size ratios δ .
Here we investigate the rheology of dispersions containing binary mixtures with small size ratios, δ ≈ 0.2 and 0.38, over a broad range of total volume fractions φ and mixing ratios, characterized by the relative volume fraction of small spheres x S = φ S /φ . Their response to oscillatory shear is studied with a particular focus on the non-linear viscoelastic properties, while the linear response, together with the structure and dynamics at rest, will be discussed in detail elsewhere. 40, 41 In the present case of spheres with significantly different sizes (i.e. small δ ), the non-linear response contains contributions related to the different length scales present in the samples. This is similar to colloid-polymer mixtures, where systems with attractive interactions, such as gels or attractive glasses, are characterized by two yielding processes. [42] [43] [44] [45] The two yielding processes reflect the breaking of inter-particle 'bonds' and cluster breaking, in the case of gels, or irreversible cage deformation, in the case of attractive glasses. 44, 45 The yielding behaviour of attractive systems is hence different from the one of repulsive systems, which typically only show one yielding mechanism related to cage distortion. 42, 43, 46, 47 2 Materials and Methods
Rheology
Rheological measurements were performed with an AR2000ex stress-controlled rheometer, and ARES G2 and ARES strain-controlled rheometers from TA instruments, using cone and plate geometries of diameter D = 20 mm, cone angle α = 2 • and gap d = 0.054 mm (AR2000ex), D = 25 mm, α = 2 • and d = 0.048 mm (ARES G2) and D = 25 mm and 50 mm, α = 2 • and d = 0.048 mm (ARES). Solvent traps were used in all rheometers to minimize solvent evaporation. The temperature was set to T = 20 • C and controlled within ±0.1 • C via a standard Peltier plate (AR2000ex, ARES) or an advanced Peltier system (ARES G2). The effects of sample loading and aging were reduced by performing the following rejuvenation procedure before each test. Directly after loading, a dynamic strain sweep was performed to estimate the strain amplitude γ at which the system starts to flow, i.e. oscillatory shear was applied to the samples with frequency ω = 1 rad/s and increasing γ until the sample showed a liquid-like response. Then, before each measurement, flow of the sample was induced by applying oscillatory shear at a sufficiently large strain. In the case of the size ratio δ = 0.20, γ = 300% was used for all samples. For δ = 0.38, different values 200% ≤ γ ≤ 1000% were used depending on the volume fraction φ and relative volume fraction of small particles x s . Shear was applied until a steady-state response, i.e. a time-independent storage G and loss modulus G , was achieved, which typically took about 200 s. Subsequently the samples were sheared at 0.1% ≤ γ ≤ 1.5% (depending on sample) until the linear viscoelastic moduli reached a time-independent value, typically after 100 s to 900 s (depending on sample). This indicated that no further structural changes occurred and hence a reproducible state of the sample was reached and a new measurement could be started. Note that ageing effects might be present at longer waiting times. Measurements with serrated and smooth geometries, respectively, yielded comparable results suggesting the absence of wall slip.
Samples
Polymethylmethacrylate (PMMA) spheres sterically stabilized with a layer of polyhydroxystearic acid (PHSA) were dispersed in a mixture of cycloheptyl bromide (CHB) and cis-decalin that closely matched the density and refractive index of the colloids (δ = 0.20 and 0.19) or in a mixture of octadecene and bromonaphtalene which minimizes solvent evaporation (δ = 0.38). For samples in octadecenebromonaphtalene, measurements of the time evolution of the linear viscoelastic moduli indicate the absence of significant gravitational effects over times much longer than typical measurement times. In the CHB/decalin mixture, the particles acquire a small charge which was screened by adding 4 mM tetrabutylammoniumchloride. 48 In this case, the colloids behave hard-sphere-like in both solvent mixtures. PMMA spheres with different average radii were used; R F L = 880 nm (polydispersity 0.057) and R S1 = 175 nm (polydispersity 0.150) to result in δ = 0.20, R NF L = 942 nm (polydispersity 0.06) and the same R S1 to result in δ = 0.19, R L = 358 nm (polydispersity 0.140) and R S2 = 137 nm (polydispersity 0.120) to result in δ = 0.38. The radii and polydispersities were determined from the angular dependencies of the scattered intensity and the diffusion coefficients, obtained using static and dynamic light scattering, respectively, with very dilute colloidal suspensions (φ 10 −4 ). For the large spheres, a similar radius, R F L = 885 nm, has been estimated from the position of the first peak of the radial distribution function, which was obtained by confocal microscopy. 49 Confocal microscopy could be performed with these large spheres, because they were fluorescently labelled with nitrobenzoxadiazole (NBD). Confocal microscopy was also used to determine the volume fraction of a dispersion of these spheres as follows. A random close packed sample was obtained by sedimenting a dilute suspension in a centrifuge. The sediment, whose volume fraction was roughly estimated using simulation results, 50 was subsequently diluted to a volume fraction φ 0.4 and imaged by confocal microscopy. The imaged volume was partitioned into Voronöi cells and their mean volume determined. The ratio of the particle volume to the mean Voronöi volume provides an estimate of the volume fraction of the sample, φ = 0.43. This allowed us to calculate the volume fraction of the random close packed stock solution φ L RCP = 0.68. The smaller spheres were too small to be imaged (thus also not fluorescently labelled). The volume fraction of their sediment was estimated taking into account their polydispersity: 50 φ S1 RCP 0.68 for spheres with radius R S1 = 175 nm and φ S2 RCP φ L RCP 0.67 for spheres with radii R S2 = 137 nm and R L = 358 nm. The value of the volume fraction is known to suffer from relatively large uncertainties. 51 Thus the value of φ obtained for the large spheres was used as a reference value and the volume fraction of the two batches containing the smaller particles adjusted using rheological measurements as follows. Linear viscoelastic moduli for samples at nominally equal volume fraction (φ 0.58 for δ = 0.20, φ 0.595 for δ = 0.38, φ 0.61 for δ = 0.19) were measured in Dynamic Frequency Sweeps (DFS) at a strain amplitude 0.1% ≤ γ ≤ 1.5% (depending on sample). The obtained storage moduli G and loss moduli G as a function of oscillation frequency ω are expected to agree for spheres of different size but the same volume fraction, if the moduli are rescaled by the energy density ∼ k B T /R 3 and the frequency by the Brownian time τ B = R 2 /D 0 with D 0 = 6πηR the StokesEinstein-Sutherland diffusion coefficient in the dilute limit 52 and η the solvent viscosity. The dispersion of small spheres was diluted until its rescaled linear response matched that of the dispersion of large spheres with the desired volume fraction, i.e. until an equivalent rheological response in the linear regime was obtained (Fig. 1) . Furthermore, it was verified that the normalised elastic modulus G and its φ dependence coincides, for all particles used, with that of a dispersion containing crystallising colloids with a low polydispersity, whose volume fraction was determined in the crystal-fluid coexistence region. 52 If illuminated by laser light, Bragg reflections were not observed, indicating the absence of crystallinity in the onecomponent dispersions. By mixing appropriate amounts of the one-component dispersions, samples with different total volume fractions φ and relative volume fractions of small particles 
Results and Discussion
In Dynamic Strain Sweep (DSS) experiments, a sinusoidal strain is applied whose frequency ω is constant but whose amplitude γ is increased in steps, starting in the linear viscoelastic regime and progressing into the non-linear regime. The stress response of the system is recorded as a function of strain amplitude γ. Figure 2 shows results of DSS measurements for samples with size ratio δ = 0.20, total volume fractions φ = 0.61 and 0.58, and different relative volume fractions of small spheres x S . Beyond the linear viscoelastic regime the stress response in DSS experiments significantly deviates from a simple sinusoidal form and can be decomposed into higher order (odd) harmonics, as shown before for one-component hard-sphere glasses. 52 . However, the G and G values shown in figure 2 correspond to the first harmonic contribution of the stress response. To allow for a comparison of the different samples, measurements were not performed at a constant frequency ω, but at a fixed oscillatory Peclet number Pe ω = ωτ B . It is the ratio of the Brownian time of the system, τ B = R 2 /D 0 , and the timescale imposed by shear, i.e. the inverse of the frequency, τ ω = 1/ω. Thus,
We applied Pe ω = 5.55 × 10 −1 corresponding to 7.6 × 10 −2 rad/s ≤ ω ≤ 9.7 rad/s, depending on x S . The one component systems (x S = 0 and 1) for both φ show the characteristic response of a hard sphere glass (Fig. 2a,b) . 42, 43, 47, 52 (Note that due to the much lower energy density of the samples with the large spheres, their response is much weaker and thus more affected by noise.) The storage modulus G is larger than the loss modulus G in the lin- ear viscoelastic regime, with their values comparable to the ones obtained in dynamic frequency sweeps (Fig. 1) . 40 The two moduli become equal at a strain amplitude γ y (highlighted with circles in Fig. 2) , which is identified with the yield strain of the glass. At the yield strain γ y and the corresponding yield stress σ y , the local environment of a particle is irreversibly rearranged, i.e. its cage broken. 42, 43, 46, 47 For γ > γ y , G is larger than G and the system starts to flow. In this regime, G shows a maximum which indicates the largest energy dissipation and has previously also been used to estimate the yield strain associated with irreversible rearrangements of the cage. 43, 46 Upon increasing the volume fraction from φ = 0.58 to 0.61, the linear viscoelastic moduli and the yield strain γ y increase. This is consistent with previous studies, 46, 47, 52 which found γ y to increase with volume fraction up to φ ≈ 0.62, beyond which it decreases due to the approach toward random close packing.
Keeping the total volume fraction φ constant, but changing the composition to x S = 0.9, the storage and loss moduli decrease (Fig. 2) . The decrease is not only due to the presence of large particles and hence a lower energy density, but remains even if the moduli are rescaled by the energy density n k B T ∼ 1/ R 3 . This indicates a softening of the glass. A softer response is also reflected in a reduced yield strain γ y and yield stress σ y (circles in Fig. 2 . A further decrease of the relative volume fraction of small spheres to x S = 0.7 leads to an additional reduction of the storage, G , and loss, G , modulus, yield strain γ y and stress σ y , which indicates that the glass still becomes mechanically weaker. For x S ≥ 0.7, comparable effects are found for φ = 0.61 and 0.58. This is different for x S < 0.7. For the higher total volume fraction φ = 0.61, the samples with x S = 0.5 and 0.3 have a much smaller G which, however, is still slightly larger than G and the samples hence show a weak solid-like response in the linear viscoelastic regime (Fig. 2a) . This is consistent with γ y and σ y values which are more than one and almost three orders of magnitude smaller, respectively, than typical values of one-component hard-sphere glasses at the same total volume fraction. Hence the samples become very brittle and may flow plastically at smaller strain amplitudes or stresses. A closer inspection of the response of the sample with φ = 0.61 and x S = 0.3 reveals a particularly interesting strain amplitude (γ) dependence of the moduli (Fig. 3) . The linear response ends already at γ ≈ 0.2% (Fig. 3, arrow on the left) , beyond which G decreases smoothly up to γ ≈ 4%, where it shows a kink and subsequently decreases with a power-law, while G shows a small maximum (Fig. 3, arrow on the right) . This response suggests the presence of two length scales, most likely associated with the small and large spheres, which both contribute to the yielding of the system at this x S . The first yielding at small strains γ ≈ 0.2% might correspond to plastic rearrangements of cages formed by small spheres. Cage distortion and yielding might be facilitated by the shear-induced interaction with the large spheres, i.e. contact forces between large and small spheres. Once these cages are rearranged, the system is still prevented from flowing by the cages of large spheres which are only slightly deformed. At strains of about 4% the cages of large spheres deform and the system starts to flow. The ratio between the two yield strains, 0.2/4 0.04, corresponds to δ /4 which suggests a non trivial scaling of the yield strains with the cage size (which would give a factor δ ). This finding could also result from the moderate polydispersity of the small spheres, which implies a distribution of the effective size ratio and accelerates the dynamics, 53 and could contribute to smear out the double yielding phenomenon. A two-steps yielding behavior has also been observed for attractive glasses and gels. [42] [43] [44] [45] Compared to φ = 0.61, for the lower total volume fraction φ = 0.58 decreasing the relative volume fraction of small spheres to x S = 0.5 has an even stronger effect (Fig. 2b) . Within the whole examined range of strain amplitudes, G > G implying fluid-like behavior. Thus, the glass is melted. Fluid-like behavior in the whole range of measured γ is also observed for x S = 0.3, with the response being similar to that obtained for φ = 0.61, except for the smallest γ (Fig. 3) . Samples showing fluid-like behavior (x S = 0.3, 0.5) do not present a finite value of yield strain and stress, corresponding to the missing circles in Fig. 2b . The melting of the glass is caused by the larger free volume fraction created by the presence of small spheres, as will be discussed in more detail later. This is similar to the behaviour of one-component systems when φ is decreased below the glass transition.
Finally, the samples at both total volume fractions show the response of a weak solid for x S = 0.1. For φ = 0.61 the storage modulus G is further reduced and becomes similar to G , indicating the proximity of a transition to the fluid state. On the other hand the yield strain γ y and stress σ y are slightly increased (Fig. 2) . In contrast, for φ = 0.58 the response again changes qualitatively, which implies a reentrant behavior; the melting and re-formation of a solid glass state as the fraction of small spheres is reduced.
A second size ratio, δ = 0.38, was investigated also at two total volume fractions φ = 0.595 and 0.615 and different relative volume fractions of small particles x S (Fig. 4) . Starting from the one-component systems and increasing the amount of the second component, the storage modulus G decreases in the linear viscoelastic regime indicating a softening of the glass, similar to the findings with δ = 0.20 (Fig. 7a) . However, in the case of δ = 0.38, the minimum of G is located at x S ≈ 0.5 for both φ . Note that in terms of the relative number of small spheres ξ S = n L /(n S + n L ) = x S [δ 3 + x S (1 − δ 3 )] −1 , where n S and n L are the number densities of small and large spheres, respectively, the minimum of G is found for both size ratios at values of ξ S > 0.85. Furthermore, the minimum in the x S -dependence is much weaker for the yield stress σ y and ab- sent for the yield strain γ y (Fig. 7b,c) . Thus, no melting of the glass is observed for δ = 0.38.
Having studied the rheological response as a function of the relative volume fraction of small spheres x S , we now turn to the dependence on the total volume fraction φ for constant x S = 0.65 (δ = 0.19) and 0.5 (δ = 0.38) (Fig. 5) . With decreasing φ , the storage modulus G decreases in the linear regime and approaches the loss modulus G (Fig. 5a,b , e, which shows the ratio G /G ). Thus, with decreasing φ , the solid-like response becomes weaker. This is particularly pronounced for δ = 0.19, which shows a fluid-like response for φ = 0.55, that is G > G in the linear viscoelastic regime (Fig. 5 a,e) . The yield point, i.e. the yield strain γ y and stress σ y , decreases with decreasing φ for both values of δ and, for (Fig. 5c,d ). This is consistent with the response of onecomponent systems, whose yield strain γ y also decreases with decreasing φ until a transition to a fluid occurs. 46, 47, 52 The decrease in γ y is attributed to the fact that, upon decreasing φ , the cages become larger and looser and thus increasingly smaller distortions of the cages are sufficient to allow the particles to escape through Brownian motion. Finally, in the fluid phase (φ = 0.55), particles can leave the cage even in the absence of shear. The sample with δ = 0.19, x S = 0.65 and φ = 0.57 shows a dependence of G and G on the strain amplitude γ similar to that of the sample with δ = 0.20, x S = 0.3 and φ = 0.61 (Fig. 3) , which again suggests the presence of two yielding points. Note that this sample is a dense, slowly relaxing fluid and not a glass, according to the frequency dependence of the linear viscoelastic moduli (data not shown). Nevertheless, the similarity of the response of the two samples suggests that a glass state similar to that of δ = 0.20, x S = 0.3 and φ = 0.61, i.e. characterized by a double yielding process and caging on two lenght scales, might be obtained at slightly larger φ for x S = 0.65. This is in agreement with MCT predictions, where a transition from a glass characterized by caging on one length scale (that of the small spheres) at high φ , to a glass characterized by caging on two length scales at lower φ , and successive melting of this glass with further decreasing φ , is expected along a line of constant x S . 17, 19 The results of the DSS measurements show a slight dependence on frequency (Fig. 6 ). In the linear viscoelastic regime, the storage modulus G increases with increasing frequency ω, in agreement with results of our Dynamic Frequency Sweep (DFS) measurements (Fig. 1) and as discussed in more detail elsewhere. 40 With increasing frequency ω, the probed times decrease and are progressively shorter than the structural relaxation time. This leads to an increasingly more elastic response. Also the yield strain γ y and stress σ y increase with increasing Pe ω (Fig. 7b,c) . This is similar to the behavior of one-component colloidal glasses 42, 43, 46, 47 and can be understood as follows. Shear-induced cage deformation facilitates the escape of particles from their cage through Brownian motion, which results in yielding. 54 In oscillatory shear, the maximum cage deformation is achieved at the largest excursion. In the vicinity of this point a particle is most likely to escape from the cage by Brownian motion. With increasing frequency, the particles spend less time at the maximum (but more frequently) and are therefore less likely to escape because the escape probability depends rather on the balance between the residence time at the maximum and the Brownian time than on the attempt rate. 44, 55, 56 . The reduced escape probability must be compensated by a larger cage deformation. Thus, with increasing frequency ω, a larger strain and stress will be required, and hence stored, before the cage breaks.
Our findings are summarized in Fig. 7 . For a given total volume fraction φ , adding a second component to the one-component systems results in a weaker elastic response. For δ = 0.20, the glass softens particularly strongly and, if the sample is sufficiently close to the glass transition (here φ = 0.58), even melts, that is shows a fluid-like response. This reduction in G is not symmetric with respect to the one-component systems, but is more pronounced for glasses mainly consisting of large spheres to which a small amount of small spheres has been added. This is evident when comparing, for example, G for samples with x S = 0.1 and 0.9. This asymmetry might, however, be due to the choice of the control parameter, here the relative volume fraction of small particles x S . Instead, one could use the relative number of small spheres, ξ S . Hence x S = 0.1 corresponds to ξ S = 0.93 while x S = 0.9 implies a relative number of large spheres of only ξ L = 8.9 × 10 −4 . This might explain why for x S = 0.9 the cage of small spheres is not significantly affected by the small number of large spheres. In contrast, for x S = 0.1 a large number of small spheres has to be accommodated by the large spheres, which is likely to induce a significant cage deformation and to result in a significant softening. This is supported by confocal microscopy measurements of the structure and dynamics of the large spheres, 40, 41 which are summarized in Fig.7d ,e. Already at x S = 0.1, the pair distribu- tion function g(r) does not only show a peak at r = 2R L , but also a shoulder at r = 2(R L + R S ) indicating that the cage of large spheres is deformed and that a significant fraction of large particles is separated by small particles. This cage deformation leads to a slight increase in the particle localisation length extracted from the plateau of mean-squared displacements, but the dynamics of the system is still arrested. 40, 41 The reduced localisation is thought to be responsible for the strong decrease in yield strain. Rearrangement of the cage of large spheres becomes even more pronounced as x S is increased to 0.3 and 0.5, as demonstrated by the increasingly larger reduction of the peak at r = 2R L and the corresponding increase at r = 2(R L + R S ) as well as the appearance of additional peaks at distances r = 2(R L + nR S ), with n an integer number. For these x S , the dynamics show diffusion at φ = 0.58 and sub-diffusion at φ = 0.61 with a decreasing localization length suggesting that large particles start to be localized more tightly by small spheres. 40, 41 During this process of cage rearrangement, for φ = 0.58 the elasticity decreases and the yield strain γ y disappears due to the melting of the glass, while at φ = 0.61 both G and γ y start to increase again significantly above x S = 0.3 possibly due to the emergent caging and localisation of large spheres by small spheres. For x S > 0.5 the localisation in cages of small spheres, i.e. the transition to a different glass state, is accomplished: Large particles represent a dilute phase in a dense matrix of small spheres and are localised on distances which are about a factor δ = 0.2 smaller than at x S = 0 and their dynamics are again arrested. 40, 41 The tighter localisation and dynamical arrest induce an increased G and γ y towards the values of the one-component glass of small spheres. A pronounced effect of size and mixing ratios on the structure and dynamics of the glass was also reported for 2D colloidal glass formers. [57] [58] [59] [60] [61] In particular, changes in the relative content of the small component and the size ratio have been reported to have pronounced effects on the dynamics. 58, 59 For δ = 0.38, the softening is less pronounced and no melting is observed. Moreover, the dependence of G on x S is more symmetrical with respect to the one-component systems. The smaller effect is attributed to the fact that the small particles have a reduced ability to occupy the interstitial space between the large particles at this size ratio. The critical value δ c at which the small spheres cannot fill the space in between two large ones in a dense packing of large spheres can be estimated: In a group of 9 spheres arranged as in a body-centred cubic lattice and in contact with each other, the centers of two spheres along a face diagonal are separated by 2 √ 2R L and a small sphere can fill the space left in between the large spheres if
41, which is comparable to δ = 0.38. Although in the glass states considered here, ordered configurations are not expected, the size of the void space might be similar. Thus the cage itself, i.e. the first neighbour shell, is not expected to be rearranged significantly and the softening hence appears to be caused by the heterogeneity of the cage on an intermediate length scale rather than a more efficient packing. The weaker cage deformation induced by the smaller packing ability at δ = 0.38 can also explain the weaker reduction of the yield strain and stress observed at intermediate mixing ratios for this δ .
Instead of the relative volume, x S , or number, ξ S , fraction of small particles, we now consider the distance to the two limiting volume fractions of the glass state, corresponding to the glass transition and random close packing. Mode Coupling Theory (MCT) predicts 17 that in mixtures the glass transition is shifted to higher total volume fractions. For example, for the size ratio δ = 0.38 the maximum volume The dashed lines represent data of one-component hard-sphere glasses. 52 fraction for the glass transition is expected at x S ≈ 0.4, which is consistent with the occurrence of maximum softening in our experiments. The shift of the glass transition could be related to the addition of small particles with their larger mobility. This might favour structural rearrangements of the large spheres through collective motions and lead to a glass with a reduced elasticity, i.e. G . In mixtures, MCT predicts qualitative changes of the relative particle mobilities, associated with different glass states. In addition, the more efficient packing in mixtures results in an increased total volume fraction at random close packing, φ RCP . Theoretical predictions for φ RCP are available for binary mixtures of monodisperse hard spheres, with different size ratios δ and mixing ratios, i.e. x S . 62, 63 Based on the predictions for φ RCP , we calculate the available free volume φ free = φ RCP − φ as a function of x S and δ . (Predictions for δ = 0.17 and 0.39 are used for the experimental δ = 0.20 and 0.38, respectively.) Note that predicted values of φ RCP where shifted by the difference between the value of φ RCP in the monodisperse case (φ RCP = 0.4) and the experimental values of φ RCP (φ RCP = 0.68 for δ = 0.2 and φ RCP = 0.67 for δ = 0.38, section 2.2). With decreasing free volume φ free , that is toward random close packing, the storage modulus G is found to increase (Fig. 8) . The dependence of G on φ free indicates a common behavior for all δ and φ investigated and can be approximately described by a power-law dependence G R 3 /k B T ∼ (φ free ) −p , with p ≈ 3. A similar power-law dependence is observed for one-component hard-sphere systems up to φ free ≤ 0.1 (Fig. 8, dashed line) . 46, 47, 52, 64 At larger values of φ free the one-component system shows a sharper decay.
We now consider the dependence of the yield point on the free volume φ free . The x S -dependence of the yield strain γ y and stress σ y is quite different for the two size ratios (Fig. 7b,c) . In particular, both, γ y and σ y , show a much weaker dependence on x S for δ = 0.38 than δ = 0.2. This can also be linked to the free volume available for structural rearrangements. The dependence of γ y on φ free (Fig. 8b) indicates that toward small free volumes, the yield strain saturates at an approximately constant value γ y ≈ 20%, which agrees with the yield strain observed in one-component glasses. 42, 43, 52, 64 At smaller values of φ free , i.e. very close to RCP, which are not reached here, in the one-component systems the yield strain decreases (Fig.8) . In contrast, toward large φ free > 0.1 a strong decrease of γ y is observed (for samples with δ = 0.20 since only they reach large enough φ free due to their large φ RCP ). This decrease indicates that if a sufficiently large free volume, i.e. a sufficiently loose packing, is present, significant structural rearrangements can be induced by small strains. Their strong decrease of the yield strain is observed for samples in which the small spheres occupy the free space between the large spheres. The intercalation of small spheres in between large spheres possibly induces a strong deformation of the cage. Similar effects have been observed in mixtures of star polymers with significant size disparity. 65 This supports our previous finding that yielding is not only facilitated by the increase of free volume but also by structural heterogeneities leading to cage deformation. Interestingly, the strong decrease in the yield strain γ y for φ free > 0.1 is not observed in one-component systems, 46, 47, 52 since in this regime the glass is melted. This is also consistent with G sharply decreasing for φ free ≥ 0.1 for the one-component system (Fig. 8a, dashed line) . We speculate that in the glass state G R 3 /k B T ∼ (φ free ) −p with p ≈ 3 for one and two-component systems. The slight shift between our system (red line) and the previous one-component data (dashed line) is due to different interactions mediated by different solvents. 51 These findings show that at large values of φ free , a glass can still be formed in the mixture (possibly due to attractions) while a dense fluid is observed in the onecomponent system.
Conclusions
The linear and non-linear response to oscillatory shear has been studied in concentrated binary hard-sphere mixtures with large size disparities, δ ≈ 0.20 and 0.38. In the linear regime, the response of mixtures is softer than that of the corresponding one-component systems at the same total volume fraction φ , as demonstrated by the smaller normalised storage modulus G . The softening is associated with a shift of random close packing to larger total volume fractions, and thus a larger free volume fraction φ free , which results from the more efficient packing in two-component systems. 62 Pronounced softening occurs for the size ratio δ = 0.20 and for samples containing a majority of large spheres (x S 0.5). This indicates that softening is not only a result of an increased free volume φ free but also of cage distortions due to small particles filling the space between the large spheres. In contrast, in the samples with a smaller size disparity (δ = 0.38) and a majority of small spheres (x S 0.5), we can speculate that on average the cage structure should be poorly affected due to the reduced ability of the small component to fill space in between the large spheres, and heterogeneities are thus only introduced beyond the first neighbor shell, which results in a weaker softening of the glass.
In the non-linear regime, the more efficient packing in the mixtures affects the yielding behaviour. If the free volume φ free is only slightly increased, yielding is characterised by a one-step cage break-up, as in one-component systems. With increasing free volume, yielding occurs at smaller deformations. Interestingly, at large values of the free volume, the presence of a small but finite yield strain indicates the persistence of a weak solid-like state in the mixtures, while at comparable free volume a one-component system melts. This occurs in systems where the small spheres can occupy the space in between the large spheres, which suggests that the intercalation of small spheres induces a strong deformation and loosening of the cage structure and thus contributes to the reduction of the yield strain. Moreover, the yielding behaviour could be affected by a possible transition between different glass states, in particular if it is associated with the mobility of the small spheres, which could facilitate yielding through collective motions. In addition to the one-step yielding behaviour, we also found indications of a more complex two-step yielding behavior for a samples with x S = 0.3, φ = 0.61. The two steps could be linked to the two different length scales present in these samples, representing caging of small and large spheres, respectively. While two length scales are present in all mixtures, in most samples one of the two dominates, rendering the second yielding insignificant.
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